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Appendix 

 
Here we calculate the portfolio rate of return. The margin coverage requirement is 

denoted by m.33 For each dollar in stocks, the investor must put up m dollars in cash. 
Thus the maximum fraction of wealth that can be invested in stocks is λ/m, where λ is the 
unleveraged share of wealth invested in stocks. Without loss of generality, we assume 
that the person maximizes her ability to borrow stocks on margin. To the extent that she 
doesn’t want to borrow money to buy stocks on margin, the person “invests” that money 
back in a bond that pays the margin rate of interest, rm. In essence, when the person 
invests in bonds that pay the margin rate of interest, it is as if she is borrowing less. If the 
fraction of wealth invested in stocks falls below 1, then the residual is invested in bonds 
paying the risk-free rate 

! 

rf " rm .  

Let z be the return on equities. The overall return to the portfolio, R, is:  

 

! 

R =
"

m
* z #max[

"

m
#1,0] * (1+ rm ) + max[1#

"

m
,0]* (1+ rf ).    (1) 

There is a discontinuity in the relevant interest rate at λ = m. Until that point, the 
investor is buying stock on margin and thus faces an opportunity cost of 1 + rm. Once λ = 
m, the investments are made on an unleveraged basis—so the opportunity cost to buy 
additional stock is 1 + rf.  

                                                
33 The coverage rate is determined by regulation and brokerage firms. It is not a choice variable. If the 
coverage requirement were 40% and the investor were to put 60% of her cash into stocks, that would allow 
her to buy stocks worth 60/40 = 150% of her initial cash. In practice, the initial margin coverage is larger 
than the maintenance coverage level and we control for this complication in our simulations. 
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Figure 3: Stochastic Dominance of Temporally Diversified Strategies

0%

10%

20%

30%

40%

50%

$0 $250,000 $500,000 $750,000 $1,000,000 $1,250,0

Cu
m
ul
at
iv
e 
D

Retirement Wealth

90%/50% 100% 88% Target



$700,000

$900,000

$1,100,000

Figure 4: Final Retirement Accumulation by Year
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Margin Rate 1 Month Libor Prime Rate
5.82% 3.14% 6.02%

Margin Rate 1 Year Libor Prime Rate
5.29% 3.49% 5.39%

Range of 
"Leverage" 
Ratios

Contracts 
Observed

Average Implied 
Interest Rate

Mean Spread 
Over Margin Rate

Mean Spread 
over 1-Year 

Treasury Note

Marginal Interest 
Rate at Mean 

Spread
1 - 2 347 4.02% -1.96% 0.53% -

Average Implicit Borrowing Rate

Table I:  The Implicit Costs of Borrowing Via Stock Index Futures and UltraBull 
Mutual Fund

Table II : Implied Interest Rates - 1 Yr. S&P Calls 1996-2006

S&P 500 Future*
4.08%

UltraBull Profund**
5.09%

*Average Implicit Annualized Interest Rate for daily future and spot data from 1/1/00 - 5/31/06.  All data (including S&P 
spot and future prices and dividend yield are from Global Financial Data.                                                                              
**Average Implicit Annualized Interest Rate for 10 overlapping year-long periods between 1/01 and 10/03.  Data from 
www.profunds.com                                                         

1  2 347 4.02% 1.96% 0.53%
2 - 3 1,857 5.07% -1.68% 0.92% 4.92%
3 - 4 1,998 5.70% -0.93% 1.76% 6.60%
4 - 5 1,794 6.67% -0.01% 2.73% 8.66%
5 - 6 1,485 7.61% 0.93% 3.67% 10.50%
6 - 7 1,281 8.54% 1.78% 4.53% 11.96%
7 - 8 1,022 9.18% 2.44% 5.22% 12.66%
8 - 9 843 9.81% 2.98% 5.75% 12.94%
9 - 10 703 10.31% 3.53% 6.25% 13.77%
10 - 11 589 10.90% 4.11% 6.79% 15.06%
11 - 12 525 11.51% 4.75% 7.48% 17.72%
12 - 13 487 11.51% 4.82% 7.48% 11.50%
13 - 14 430 12.21% 5.48% 8.19% 19.98%
Option close prices from CRSP used for LEAPS on the S&P 500, between 11 and 12 months to maturity. Implied 
leverage ratios and implied interest rates were calculated for each contract observation and then grouped by leverage 
ratio. Marginal interest rates are calculated between these "tranches" and assuming a Treasury Rate of 4%.



Geometric 
Mean St. Dev. Max Min 

Stock 9.08% 14.13% 51.35% -26.19%
Margin Rate 4.97% 1.63% 12.27% 0.02%
Government Bond 4.77% 5.28% 14.35% -9.04%
Inflation 2.09% 3.74% 7.04% -6.58%

Ri k A i

Table III:  Summary Statistics of Nominal Financial 
Returns 1871-2007 from Monthly Data (Annualized 

except for Max and Min)

Table IV: CRRA-specific Percent and Dollar Targets*

Leveraged Targets Unleveraged Targets

Source: Shiller (2005a) except margin rate, which is money call rate 
from Global Financial Data, and government bond, which is Long Term 
US Bond Yield from Global Financial Data.

Risk Aversion

CRRA = 1
CRRA = 2
CRRA = 4
CRRA = 8
CRRA = 16
CRRA = 32

Leveraged Targets Unleveraged Targets

90.6%
169.4%165.0%

88.0%

11.2%

44.6%

* based on a risk-free bond rate of 4.8%, margin rate of 5.0%, discount 
rate of 6.3%

5.8%
11.6%

5.6%

23.1%
46.0%

22.4%



90%/50% 
Strategy

% Improve. 
Rel. to 100% 

Stock

100% Stock 
Strategy

% Improve. 
Rel. to 100% 

Stock

Single-Target 
Strategy 

(88%) 

% Improve. 
Rel. to 100% 

Stock

Dual-Target 
Strategy (88% 

&  90.6%) 

% Improve. 
Rel. to 100% 

Stock

Average % Invested in 
Stock (Weighted by PV 
Accumulation) 65.39% 100.00% 110.38% 111.60%
Average % Invested in 
Stock (Weighted by 
Undiscounted 
Accumulation). 60.08% 100.00% 98.80% 100.63%
Max % Inv. 90% 100% 200% 200%
Mi % I 50% 100% 88 0% 90 6%

Table V:  Comparison of Alternative Investment Strategies Based on Optimal Investment Targets on 
Monthly Data

Min % Inv. 50% 100% 88.0% 90.6%
Median $254,854 -28.1% $354,265 0.0% $450,089 27.0% $456,463 28.8%
Mean $257,316 -37.3% $410,579 0.0% $489,850 19.3% $498,521 21.4%
Stdev $69,261 -62.3% $183,500 0.0% $195,643 6.6% $206,370 12.5%
Coeff of var. 26.92% -39.8% 44.69% 0.0% 39.94% -10.6% 41.40% -7.4%
Min $113,536 -20.6% $142,944 0.0% $153,550 7.4% $153,932 7.7%
10th pct $163,426 -25.9% $220,593 0.0% $272,181 23.4% $270,835 22.8%
25th pct $213,205 -24.0% $280,519 0.0% $349,708 24.7% $352,521 25.7%
75th pct $306,823 -40.4% $514,819 0.0% $563,568 9.5% $575,440 11.8%
90th pct $346,342 -51.8% $719,062 0.0% $812,070 12.9% $835,546 16.2%
Max $419,730 -50.6% $849,990 0.0% $923,800 8.7% $964,920 13.5%
Certainty Equivalents:
CRRA = 0 $257,316 -37.3% $410,579 0.0% $489,850 19.3% $498,521 21.4%
CRRA = 1 $247,503 -33.9% $374,474 0.0% $451,659 20.6% $457,388 22.1%
CRRA = 2 $237,082 -30.9% $343,245 0.0% $413,666 20.5% $417,182 21.5%
CRRA = 4 $215,739 -27.0% $295,626 0.0% $344,035 16.4% $345,376 16.8%
CRRA = 8 $181,270 -23.8% $238,004 0.0% $258,707 8.7% $259,462 9.0%
CRRA = 16 $149,824 -21.5% $190,895 0.0% $204,637 7.2% $205,171 7.5%
CRRA = 32 $131,224 -20.7% $165,425 0.0% $177,664 7.4% $178,103 7.7%



(28.00, 41.00)
Median Age When Maximum 

Leverage Ends
50.92

(41.83, 55.17)

* 5th and 95th percentiles are given in parentheses below the median values.

Table VII: 2nd Order Dominance - 100% vs  Single Target Strategy

Median Age When All Leverage Ends

Table VI: Median Age (in Years) at Phase Turning Points, Monthly 
Analysis*

Single-Target Strategy (88%)
33.00

100% 
Constant

77.1% 
Strategy

% 
Difference

74.2% 
Strategy

% 
Difference

$354,265 $402,051 13.49% $394,082 11.24%
$410,579 $426,709 3.93% $410,579 0.00%
$183,500 $145,268 -20.83% $133,860 -27.05%

44.69% 34.04% -23.83% 32.60% -27.05%
$142,944 $144,302 0.95% $141,890 -0.74%
$220,593 $261,187 18.40% $256,842 16.43%
$280,519 $335,391 19.56% $330,423 17.79%
$514,819 $515,740 0.18% $505,326 -1.84%
$719,062 $642,787 -10.61% $599,913 -16.57%
$849,990 $748,189 -11.98% $700,360 -17.60%

$374,474 $401,095 7.11% $387,618 3.51%
$343,245 $373,878 8.92% $362,833 5.71%
$295,626 $318,534 7.75% $311,210 5.27%
$238,004 $242,163 1.75% $237,679 -0.14%

Stdev
Coeff of var.

Average % Invested in 
Stock (Weighted by PV 
Accumulation)

CRRA = 4

Mean
Median

CRRA = 8

90th pct

CRRA = 1

Min
10th pct

Max

25th pct

Certainty Equivalents:

CRRA = 2

75th pct

100.00% 97.07%



Strategy Number Proportion Significance Number Proportion Significance
88%* 94 100.00% infinite 89 94.68% 0.000

88/90.6%* 94 100.00% infinite 89 94.68% 0.000

Real Monthly 
Portfolio Return 

(less than or 
equal to)

Cumm. # of 
Months

Cumm. % of 
Months

Cumm. # of 
Months

Cumm. % of 
Months

-100.00% 0 0.00% 0 0.00%
-90.00% 0 0.00% 0 0.00%
-80.00% 0 0.00% 0 0.00%
-70.00% 0 0.00% 0 0.00%
-60.00% 0 0.00% 0 0.00%
-50.00% 0 0.00% 5 0.01%
-40.00% 0 0.00% 19 0.04%
-33.33% 0 0.00% 32 0.08%
-30.00% 0 0.00% 36 0.09%

Table VIII: Sign Test of Gross Accumulation across 94 Cohorts, Leveraged vs. 
Traditional Investment Strategies

Cohorts with Accumulation Greater than 90/50% 
Strategy

Cohorts with Accumulation Greater than 100% 
Strategy

Table IX: Prevalence of Negative Monthly Returns Among the 
49,632 Cohort-Months (94x528)

100% Stock Strategy Single % Target (88%) Strategy

-30.00% 0 0.00% 36 0.09%
-23.08% 44 0.09% 192 0.49%
-20.00% 88 0.18% 288 0.70%
-10.00% 930 1.87% 1,580 3.82%

0.00% 19,678 39.65% 19,981 40.32%

Global Minimum

Margin 
Requirement
Leverage Level

150% 0 0.0% 0 0.0%
175% 0 0.0% 0 0.0%
200% 5 0.5% 0 0.0%
250% 79 8.2% 10 1.0%
300% 960 100.0% 38 4.0%
500% 960 100.0% 960 100.0%

Months with Margin Call Months with Margin Call

-26.19% -53.06%

Table X: Number of Months Jan. 1928- Dec. 2007 with Margin Calls for Different 
Leverage Ratios

35% 25%



100% Stock 
Strategy

Single-
Target 

Strategy 
(88%)

Single-
Target 

Strategy 
(88%)

% Improve. 
Rel. to 100% 

Stock

Single-
Target 

Strategy 
(88%)

% Improve. 
Rel. to 100% 

Stock

Single-
Target 

Strategy 
(88%)

% Improve. 
Rel. to 100% 

Stock

Average % Invested in 
Stock (Weighted by PV 
Accumulation) 100.00% 110.38% 110.38% 113.08% 113.96%
Average % Invested in 
Stock (Weighted by 
Undiscounted 
Accumulation) 100.00% 98.80% 98.80% 99.82% 100.02%

Table XI: Impact of Higher Leverage Caps, Adjusting for the Effect of Margin Calls

No Margin Requirement
200% Cap 200% Cap 250% Cap 300% Cap

    25% Margin Requirement

) 00 00% 98 80% 98 80% 99 8 % 00 0 %
Max % Inv. 100% 200% 200% 250% 300%
Min % Inv. 100% 88% 88% 88% 88%
Median $354,265 $450,089 $450,089 27.05% $444,068 25.35% $430,428 21.50%
Mean $410,579 $489,850 $489,850 19.31% $453,422 10.43% $439,379 7.01%
Stdev $183,500 $195,643 $195,643 6.62% $158,349 -13.71% $177,212 -3.43%
Coeff of var. 44.69% 39.94% 39.94% -10.64% 34.92% -21.86% 40.33% -9.76%
Min $142,944 $153,550 $153,550 7.42% $156,199 9.27% $156,980 9.82%
10th pct $220,593 $272,181 $272,181 23.39% $275,010 24.67% $240,742 9.13%
25th pct $280,519 $349,708 $349,708 24.66% $352,188 25.55% $301,894 7.62%
75th pct $514,819 $563,568 $563,568 9.47% $529,006 2.76% $518,783 0.77%
90th pct $719,062 $812,070 $812,070 12.93% $624,642 -13.13% $606,889 -15.60%
Max $849,990 $923,800 $923,800 8.68% $939,624 10.55% $1,062,237 24.97%
Certainty Equivalents:
CRRA = 1 $374,474 $451,659 $451,659 20.61% $426,545 13.91% $407,274 8.76%
CRRA = 2 $343,245 $413,666 $413,666 20.52% $398,820 16.19% $377,144 9.88%
CRRA = 4 $295,626 $344,035 $344,035 16.38% $342,513 15.86% $324,745 9.85%
CRRA = 8 $238,004 $258,707 $258,707 8.70% $262,306 10.21% $258,912 8.78%
CRRA = 16 $190,895 $204,637 $204,637 7.20% $208,022 8.97% $209,015 9.49%
CRRA = 32 $165,425 $177,664 $177,664 7.40% $180,723 9.25% $181,636 9.80%
# of Cohort-Months 
with Margin Calls 0 0 0 116 397



0.0% 1.00% 1.50% 2.00% 2.50%

$450,089 $432,961 $422,233 $412,083 $403,955
$489,850 $468,252 $457,492 $446,795 $436,189
$153,550 $144,898 $142,944 $136,394 $132,099
$272,181 $259,680 $220,593 $246,349 $239,404

$451,659 $431,377 $421,288 $411,243 $401,296
$413,666 $394,569 $385,077 $375,614 $366,250
$344,035 $327,043 $318,600 $310,157 $301,800
$258,707 $244,856 $238,002 $231,124 $224,289

0 0 0 0 0

-1.00% -1.00% -1.50% -1.50% -2.00% -2.00% -2.50% -2.50%

100% Stock 
Strategy

Single 
Target 
(88%) 

Strategy

100% 
Stock 

Strategy

Single 
Target 
(88%) 

Strategy

100% Stock 
Strategy

Single 
Target 
(88%) 

Strategy

100% 
Stock 

Strategy

Single 
Target 
(88%) 

Strategy

$267,384 $333,631 $231,741 $286,253 $196,594 $248,363 $169,920 $210,546
$305,146 $352,887 $263,467 $298,633 $227,254 $251,689 $193,332 $208,762
$108,147 $110,558 $94,462 $94,416 $82,757 $81,007 $72,731 $70,087

Adjustment to Nom. 
Stock Return

Mean
Min

Median

$295,626
$238,004

Wipeouts 0

$142,944

$374,474

Table XIII: Impact of Decreased Stock Returns on Distribution of Retirement Wealth for Alternative 
Investment Strategies

CRRA = 2

$410,579

$220,593

Mean

CRRA = 4
CRRA = 8

Min

$343,245

10th pct

CRRA = 1
Certainty Equivalents:

Premium Added to Margin Rate 
(annual)

Median

Table XII: Impact of Increased Margin Rate Costs on Distribution of Retirement Wealth for Single 
Target Strategy

0.0%

Single-Target Strategy (88%)100% Stock Strategy

$354,265

$108,147 $110,558 $94,462 $94,416 $82,757 $81,007 $72,731 $70,087
$158,581 $188,717 $135,752 $157,794 $116,061 $127,204 $97,308 $98,228

$278,210 $325,527 $239,944 $275,142 $206,488 $231,019 $174,413 $188,954
$254,781 $297,969 $219,458 $251,554 $188,391 $210,587 $157,857 $170,076
$219,542 $247,855 $188,984 $209,395 $161,863 $175,456 $134,110 $140,804
$178,574 $187,307 $154,680 $159,477 $133,371 $135,606 $110,682 $112,565

0 0 0 0 0 0 0 0

CRRA = 2
CRRA = 4
CRRA = 8

10th pct
Min

CRRA = 1

Wipeouts

Certainty Equivalents:



100% Stock 
Strategy

Single-Target 
Strategy 

(88%) 

% Improve. 
Rel. to 
100% 
Stock

100% Stock 
Strategy

Single-
Target 

Strategy 
(88%) 

% Improve. 
Rel. to 
100% 
Stock

100% Stock 
Strategy

Single-Target 
Strategy 

(88%) 

% Improve. 
Rel. to 
100% 
Stock

Average % Invested in 
Stock (Weighted by PV 
Accumulation) 100.0% 110.38% 100.00% 110.45% 100.00% 107.59%
Average % Invested in 
Stock (Weighted by 
Undiscounted 
Accumulation) 100.0% 98.80% 100.00% 99.34% 100.00% 97.88%

Table XIV - Comparison of Single Target Strategy Results US vs Foreign Equities

94 US Cohorts (1871-2007)
28 FTSE All-Shares Cohorts 

(1937 - 2007), Investing in UK 
Pounds

8 Nikkei 225 Cohorts (1956 - 
2006), Investing in US $

Accumulation) 100.0% 98.80% 100.00% 99.34% 100.00% 97.88%
Max % Inv. 100.0% 200% 100.00% 200% 100.00% 200%
Min % Inv. 100.0% 88% 100.00% 88% 100% 88%
Median $354,265 $450,089 27.0% £459,321 £573,954 25.0% $267,014 $339,037 27.0%
Mean $410,579 $489,850 19.3% £460,021 £568,569 23.6% $310,946 $403,777 29.9%
Stdev $183,500 $195,643 6.6% £141,426 £134,145 -5.1% $124,298 $160,746 29.3%
Coeff of var. 44.69% 39.94% -10.6% 30.74% 23.59% -23.3% 39.97% 39.81% -0.4%
Min $142,944 $153,550 7.4% £205,051 £301,305 46.9% $190,487 $233,784 22.7%
10th pct $220,593 $272,181 23.4% £264,773 £373,916 41.2% $204,824 $272,656 33.1%
25th pct $280,519 $349,708 24.7% £391,468 £489,122 24.9% $229,876 $309,517 34.6%
75th pct $514,819 $563,568 9.5% £539,230 £661,403 22.7% $355,689 $465,787 31.0%
90th pct $719,062 $812,070 12.9% £649,352 £719,017 10.7% $471,567 $614,823 30.4%
Max $849,990 $923,800 8.7% £774,726 £813,832 5.0% $549,554 $708,673 29.0%
Certainty Equivalents:
CRRA = 1 $374,474 $451,659 20.6% £437,151 £551,398 26.1% $292,228 $379,474 29.9%
CRRA = 2 $343,245 $413,666 20.5% £412,107 £532,191 29.1% $276,775 $359,142 29.8%
CRRA = 4 $295,626 $344,035 16.4% £360,666 £490,190 35.9% $255,108 $329,695 29.2%
CRRA = 8 $238,004 $258,707 8.7% £291,272 £419,793 44.1% $232,958 $296,639 27.3%
CRRA = 16 $190,895 $204,637 7.2% £247,153 £361,891 46.4% $215,259 $267,515 24.3%

Due to the limited availability of Japanese bond data, we model a US investor mixing Japanese stocks with US bonds for the 8 Nikkei 225 Cohorts. The 
28 FTSE Cohorts reflect a UK investor balancing UK stocks with UK government bonds.



90/50% 
Strategy

% Improve. 
Rel. to 100% 
Stock

100% Stock 
Strategy

Dual % 
Target (88% 
&  90.6%) 
Strategy

% Improve. 
Rel. to 100% 
Stock

Single % 
Target (88%) 
Strategy

% Improve. 
Rel. to 100% 
Stock

Max % Inv. 90% 100% 200% 200%
Min % Inv. 50% 100% 90.6% 88%
Median $321,641 -27.7% $444,793 $527,162 18.5% $523,139 17.6%
Mean $376,838 -40.6% $634,395 $773,407 21.9% $757,048 19.3%
Stdev $226,126 -64.5% $637,274 $831,000 30.4% $793,410 24.5%
Coeff of var 60 01% 40 3% 100 45% 107 45% 7 0% 104 80% 4 3%

Table XV:  Comparison of 4 Alternative Investment Strategies in 10,000 Monte Carlo 
Simulations (with replacement) on 1871–2004 Annual Returns

Coeff of var. 60.01% -40.3% 100.45% 107.45% 7.0% 104.80% 4.3%
Min $45,589 102.3% $22,533 $13,915 -38.2% $14,286 -36.6%
10th pct $165,538 1.6% $162,923 $176,335 8.2% $177,374 8.9%
25th pct $226,613 -13.4% $261,655 $296,169 13.2% $296,167 13.2%
75th pct $464,217 -39.9% $772,755 $934,360 20.9% $919,645 19.0%
90th pct $659,053 -49.4% $1,302,677 $1,648,437 26.5% $1,604,196 23.1%
Max $3,099,033 -71.6% $10,912,227 $14,146,823 29.6% $13,278,478 21.7%
Certainty Equivalents:
CRRA = 0 $376,838 -40.6% $634,395 $773,407 21.9% $757,048 19.3%
CRRA = 1 $325,318 -28.4% $454,472 $529,528 16.5% $524,340 15.4%
CRRA = 2 $282,443 -14.6% $330,796 $363,466 9.9% $363,198 9.8%
CRRA = 4 $215,195 18.9% $181,048 $159,587 -11.9% $161,229 -10.9%
CRRA = 8 $132,303 76.1% $75,135 $49,352 -34.3% $50,331 -33.0%
CRRA = 16 $81,407 99.2% $40,869 $25,645 -37.2% $26,299 -35.7%
CRRA = 32 $61,209 102.3% $30,252 $18,729 -38.1% $19,227 -36.4%



Certainty 
Equivalent 

Wealth

% Improve. 
Rel. to 100% 

Stock

% Improve 
Rel. to 90/50

$363,198 9.80% 28.59%
$222,791 23.06% 3.53%
$150,662 100.52% 13.88%
$106,475 160.53% 30.79%
$75,737 150.35% 23.73%

Table XVI: Certainty Equivalent Wealth for CRRA-Specific 
Strategies in 10,000 Monte Carlo Simulations (with 

replacement)

32 (5.6%)
16 (11.2%)

Table XVII - Temporal vs Asset Diversification in S&P 500 
Components 1986-2005

2 (88.0%)

CRRA

8 (22.4%)
4 (44.6%)

Time

1/20th of 
Portfolio in 1 
Random Stock 
Each Year*

Full Portfolio in 
20 Random 
Stocks One 
Year*

Full Portfolio in 
Equal-Weight 
S&P 500 One 
Year*

Trials 1,428 1,453 20
Mean Return 5.54% 5.52% 5.49%
St. Dev. 4.75% 9.67% 8.62%

10th Percentile 5.04% 4.46% 4.75%
25th Percentile 5.01% 5.05% 5.22%
50th Percentile 5.51% 5.55% 5.52%
75th Percentile 5.76% 5.92% 5.79%
90th Percentile 6.04% 6.35% 6.11%

*In the first column, an investor is modelled as each year choosing one new 
random stock from the S&P 500 and investing 1/20 of his portfolio in this, with 
the balance invested in T-Bills. In the second two columns, the investor 
chooses one random year in which to invest in either 20 randomly chosen S&P
500 stocks or an equal weight portfolio, respectively. In the other years he 
invests all his money in T-Bills.

Assets

Components 1986-2005




